Introduction
Let k be an algebraically closed field of characteristic 0, and let f : Y → X be a projective morphism of Noetherian k-schemes such that X = Spec(R) is an affine scheme. A locally free coherent sheaf P on Y is called a tilting generator if the following conditions are satisfied: (1) all higher direct images of End(P ) for f vanishes, (2) P generates the bounded derived category of coherent sheaves D b (coh(Y )) (see Definition 2.1). Then the derived Morita equivalence theorem of Bondal and Rickard ([5] , [24] ) tells us that there is an equivalence of triangulated categories D b (coh(Y )) ∼ = D b (mod-A), where A = f * End(P ) is a coherent sheaf of associative O X -algebras. Let Perv(Y /X) be the abelian subcategory of D b (coh(Y )) corresponding to the category of coherent right A-modules (mod-A).
We would like to call Perv(Y /X) the category of perverse coherent sheaves. By definition, the category of coherent sheaves (coh(Y )) is more geometric and Perv(Y /X) more algebraic. For example, for a k-valued point x 0 ∈ X, the set of simple objects in (coh(Y )) above a simple object O x 0 in (coh(X)) is identified as the set-theoretic fiber f −1 (x 0 ) and is an infinite set in general. On the other hand, such a set in Perv(Y /X) is finite since A is coherent.
The original perverse sheaves ( [3] ) are complexes in a derived category of constructible sheaves which correspond to sheaves of regular holonomic D-modules by the RiemannHilbert correspondence ( [17] , [23] ). It was defined by generalizing the intersection homology theory of Goresky and MacPherson ( [12] ) which was discovered in the pursuit of homology theory for singular spaces which behaves better under the Poincare duality. Our definition is similar in that the perverse coherent sheaves are complexes of coherent sheaves which correspond to sheaves over associative algebras by the Bondal-Rickard equivalence. The perverse coherent sheaves possess more algebraic nature due to the construction, and we can expect that they behave better under certain problems.
In this paper, we consider the multi-pointed non-commutative deformations of sets of simple objects in Perv(Y /X) ( [22] ), and determine the versal deformations in some cases.
The versal deformation of the simple objects over a closed point of the base space recovers the associative algebra: The versal deformation of a partial collection recovers the contraction algebra of DonovanWemyss ( [9] ) in the case of perverse coherent sheaves of Bridgeland and Van den Bergh ( [7] , [26] ): Theorem 1.2 (=Theorem 6.2). Assume that the dimension of the fibers of f are at most 1, and that Rf * O Y = O X . Let C be the scheme theoretic closed fiber of f above x 0 , and let C i (i = 1, . . . , r) be the irreducible components of C.
(A) Let {P i } r i=0 and {s j } r j=0 be the sets of indecomposable projective objects and simple objects in −1 Perv(Ŷ /X) defined in §3 (A). LetP = r i=0 P i , and let Q be the kernel of the natural homomorphism p : f * f * P →P . Let I is the two-sided ideal ofÂ = f * End(P ) generated by endomorphisms ofP which can be factored in the formP → P 0 →P . Then Q[1] ∈ −1 Perv(Ŷ /X) is the versal deformation of the simple collection r j=1 s j with the parameter algebra End(Q [1] 
and {s ′ j } r j=0 be the sets of indecomposable projective objects and simple objects in 0 Perv(Ŷ /X) defined in §3 (B). LetP ′ = r i=0 P ′ i , and let Q ′ be the cokernel of the natural homomorphism p ′ : f * f * P ′ →P ′ . Let I ′ is the two-sided ideal ofÂ ′ = f * End(P ′ ) generated by endomorphisms ofP ′ which can be factored in the formP
Indeed we have s j = s ′ j [1] and Q = Q ′ , thoughP =P ′ and −1 Perv(Ŷ /X) = 0 Perv(Ŷ /X). The contraction algebraÂ/I ∼ =Â ′ /I ′ is an important invariant of f . For example, Donovan and Wemyss conjectured that, in the case of a flopping contraction of a smooth 3-fold Y , the contraction algebra determines the singularity of X (see [14] , [13] , [15] for the development).
As a corollary, we prove thatÂ/I is isomorphic to its opposite ring (Corollary 6.3). We also have the following: The above result was proved by Donovan and Wemyss ( [9] , [10] ) in the case where f is a flopping contraction of a 3-fold, i.e., X and Y are 3-dimensional algebraic varieties having only Gorenstein terminal singularities and f is a crepant morphism in the sense that (K Y , C i ) = 0 for all i. Bodzenta and Bondal [4] extended their result to the case where X is a hypersurface of multiplicity 2 with canonical singularities and Y is Gorenstein.
We assume that all schemes and morphisms in this paper are defined over a fixed algebraically closed base field k of characteristic 0.
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Perverse coherent sheaves
Definition 2.1. Let f : Y → X be a projective morphism between noetherian schemes such that X = Spec(R) is an affine scheme. A locally free coherent sheaf P on Y is said to be a tilting generator for f if the following conditions are satisfied:
be a projective morphism between noetherian schemes, let P be a tilting generator for f , and let A = f * End(P ) be the endomorphism algebra. Then A is an associative O X -algebra which is coherent as an O X -module, and there is an equivalence of triangulated categories
given by an exact functor
The theorem connects (algebraic) geometry and (non-commutative) algebra. We mainly consider the case where X is a spectrum of a noetherian complete local ring. This is justified by the following proposition: Proposition 2.3. Let f : Y → X = Spec(R) be a projective morphism between noetherian schemes, let x ∈ X be a closed point, letX be the completion of X at x, letŶ = Y × XX be the fiber product, and letf :Ŷ →X be the induced morphism.
(1) Let P be a tilting generator for f , and let A = f * End(P ) be the endomorphism algebra. LetP be the locally free sheaf onŶ induced from P , and letÂ =f * End(P ) be the endomorphism algebra. ThenP is a tilting generator forf , andÂ = OX ⊗ O X A.
(2) Let r j=1 s j be a simple collection on Y whose support is contained in a fiber f −1 (x). Then its non-commutative deformations on Y are the same as those onŶ .
We define the abelian category of perverse coherent sheaves: Definition 2.4. Let f : Y → X = Spec(R) be a projective morphism between noetherian schemes, and let P be a tilting generator for f . The category of perverse coherent sheaves Perv(Y /X) for f is the abelian category corresponding to the category of finitely generated right A-modules (mod-A) by Ψ. In other words,
Thus the standard t-structure on D b (mod-A) is transferred to a t-structure on D b (coh(Y )) whose heart is the category of perverse coherent sheaves.
We would like to call an object in Perv(Y /X) a perverse coherent sheaf. It is not a sheaf nor perverse. This is a generalization of such a category defined in the seminal paper by Bridgeland ([7] ) and extended by Van den Bergh ( [26] ). We note that the category Perv(Y /X) depends on the choice of the tilting generator P . Indeed we obtain p Perv(Y /X) with different perversities p ∈ Z in their papers for different choices of P . By definition, we have the following: 
The category of perverse coherent sheaves Perv(Y /X) has a different nature from the category of coherent sheaves (coh(Y )) in the sense that there are only finitely many points, or simple objects, above a point of a base space X.
The author learned the following lemma from Dr. Kohei Yahiro:
Lemma 2.6. Let X = Spec R be the spectrum of a noetherian complete local ring R whose residue field is isomorphic to the base field, and let A be an associative R-algebra which is finitely generated as an R-module. Proof. Let J be the Jacobson radical of A, i.e., the intersection of all maximal right ideals. Since J is a fully invariant right submodule of A, it is invariant under automorphisms by left multiplications, hence a two-sided ideal. ThenĀ = A/J becomes an associative Artin algebra.Ā is semi-simple, and is isomorphic as anĀ-module to a direct sum of finitely many simple modules. It follows that simpleĀ-modules and indecomposable projectivē A-modules are the same, hence the assertion of the lemma forĀ.
A simple A-module is the same as a simpleĀ-module with the natural A-module structure. On the other hand, since A is J-adically complete, the map from the set of finitely generated projective A-modules to the set of finitely generated projectiveĀ-modules given by P → P ⊗ AĀ is bijective ([1] III-2.12). Therefore the lemma is proved.
If X = Spec(R) is the spectrum of a complete local ring, then the original tilting generator P is a direct sum of the indecomposable projective objects P i . The reduced sum P = m i=1 P i is also a tilting generator which gives the same category of perverse coherent sheaves. We callP the reduced tilting generator.
The case of Bridgeland and Van den Bergh
We recall the definition of perverse coherent sheaves by Bridgeland ([7] ) and Van den Bergh ( [26] ).
Let f : Y → X be a projective morphism between noetherian k-schemes. Assume the following conditions:
(1) X = Spec(R) for a complete local ring R whose residue field is isomorphic to k.
(2) The dimension of the closed fiber of f is equal to 1.
Let C be the scheme theoretic closed fiber of f , and let C i (i = 1, . . . , r) be the irreducible components of C. By the assumption that
and C =C ∩ (coh(Y )). By the spectral sequence
For example, assume that f : Y → X is a contraction of a smooth rational curve C in a smooth 3-fold whose normal bundle is isomorphic to O P 1 (−1) ⊕ O P 1 (−1). Then C is rigid, and C is equivalent to the category of k-vector spaces generated by O C (−1). On the other hand, Hom
We define the following categories of perverse coherent sheaves.
(A) Let P 0 = O Y , and let L i for i = 1, . . . , r be line bundles on Y such that (L i , C j ) = δ ij . We define locally free sheavesP i on Y by exact sequences:
such that the induces homomorphisms
are surjective. ThenP = r i=0P i is a tilting generator, and the corresponding category of perverse coherent sheaves is denoted by −1 Perv(Y /X).
The number −1 is the perversity; we have
More precisely, we have
and {s j } r j=0 are the sets of indecomposable projective objects and simple objects in −1 Perv(Y /X).
(B) Let P ′ 0 = O Y , and define locally free sheavesP ′ i by exact sequences
i is a tilting generator, and the corresponding category of perverse coherent sheaves is denoted by 0 Perv(Y /X).
The number 0 is the perversity; we have C ⊂ 0 Perv(Y /X). More precisely, we have
, the shift of the dualizing sheaf of C, and
are the sets of indecomposable projective objects and simple objects in 0 Perv(Y /X).
We have
the opposite algebra where the addition is the same but the multiplication is reversed.
Other examples
We consider divisorial contractions in this section.
4.1. Contraction of a projective space. Let f : Y → X = Spec(R) be a projective birational morphism from a smooth variety to a variety with an isolated singularity whose exceptional locus is a prime divisor E ∼ = P n−1 with normal bundle N E/Y ∼ = O E (−d) for some d > 0. X has a terminal singularity if d < n, and f is crepant if d = n. The line bundles O E (i) can be extended to line bundles
Proof. For any small positive number ǫ, the pair (Y, (1−ǫ)E) is log terminal. By [18] 
We denote by Perv(Y /X) the corresponding category of perverse coherent sheaves.
Proof. By [2] , there is a resolution of the diagonal ∆ E ⊂ E × E:
where the last term is put at degree 0. Therefore, for 0 ≤ i, j ≤ n − 1, we have
Thus the proposition is proved.
We can obtain a similar result for the Grassmannian variety G(r, n) if we use [16] instead of [2] .
X has only one quotient singularity. LetX be the associated Deligne-Mumford stack. Then there is a fully faithful functor [21] ). This inequality is equivalent to saying that X is not terminal, or d ≥ n.
An associative algebra A is said to be homologically homogeneous if the homological dimension of all simple objects are equal. If A is homologically homogeneous, then A has finite global dimension and is Cohen-Macaulay ( [8] ). Van den Bergh ( [26] ) defined that X = Spec(R) has a non-commutative crepant resolution if there is a reflexive R-module M such that A = End(M ) is homologically homogeneous.
These facts correspond to the following:
Proof. A is Cohen-Macaulay if and only if A satisfies the condition that Ext p (A, ω X ) = 0 for p > 0, where ω X is the canonical sheaf of X. Since R p f * End(P ) = 0 for p > 0, we have Rf * End(P ) ∼ = A. By the Grothendieck duality theorem, our condition is equivalent to that R p f * End(P )(K Y
Hence we obtain our assertion. ( (2) We have again Hom
Contraction of a singular quadric surface. Let X be a singularity of dimension 3 defined by an equation xy + z 2 + w 3 = 0 in the completion of C 4 at the origin, and let f : Y → X be the blowing up of the origin. Y is smooth, and the exceptional divisor E of f is a singular quadric surface with a singular point Q.
Let O E (m) for m ∈ Z be a reflexive sheaf of rank 1 on E corresponding to a Weil divisor mC 1 , where C 1 is a line on the cone E. mC 1 is a Cartier divisor if and only if m is even. LetΩ 1 E be the double dual of the sheaf of Kähler differentials on E. It is a reflexive sheaf of rank 2 on E with a short exact sequence 1, 2) . It follows that, for the double dual of the sheaf of differential 2-forms, we haveΩ 2
Let L be a line bundle of Y such that L| E = O E (2), let S ∈ |L| be a generic member, and let C 2 = S ∩E ∈ |O E (2)|. We take a generic curve C 0 on S such that C 0 ∩C 2 = C 1 ∩C 2 scheme theoretically.
It is known that there is a non-trivial extension
on E such thatP 1 is a locally free sheaf of rank 2 ( [22] );P 1 is defined by the following commutative diagram of exact sequences
0 Similarly there is a locally free sheaf P 1 of rank 2 on Y such that P 1 | E ∼ =P 1 defined by the following exact sequence 
We prove that R p f * Hom(P 1 , P 1 ) = 0 for p > 0. There is an exact sequence
for all p, we deduce that H p (E, Hom(P 1 , O E (1))) = 0 for p > 0. Therefore H p (E, Hom(P 1 ,P 1 )) = 0 for p > 0. We can also check that, for p > 0 and m > 0,
)(2m)) = 0, and H p (E, Hom(P 1 ,P 1 )(2m)) = 0. Therefore we have R p f * Hom(P 1 , P 1 ) = 0 for p > 0. We prove that P 0 , P 
(2) We prove that RHom(P i , s j ) ∼ = k δ ij , so that s j ∈ Perv(Y /X) and dim Hom(P i , s j ) = δ ij . For j = 0, we have
Since RΓ(E, O E (−3)) ∼ = 0, we also have RHom(P 1 , s 2 ) ∼ = 0. For j = 1, we have a distinguished triangle )) is an isomorphism, we have RHom(P 0 , s 1 ) ∼ = 0. We also have RHom(P 2 , s 1 ) ∼ = 0, because RΓ(E, O E (−i)) ∼ = 0 for i = 1, 2, 3.
We have RHom(
Hence we have isomorphisms
). Therefore we have Hom E (P 1 , O E (1)) ∼ = k and Hom
By duality, we have Hom
Let D be the left orthogonal complement of an exceptional object
We can extend the concept of the tilting generators for triangulated categories such as D, and consider the categories of perverse coherent sheaves.
Proposition 4.6. P D = P 0 ⊕ P 1 is a tilting generator of the triangulated category D.
Proof. We prove that P 0 , P 1 ∈ D, and that P D generate D. We already know that Hom(P D , P D [p]) = 0 for p = 0. By the vanishing theorem, we have RΓ(E, O E (i)) = 0 for i ≥ −3. Thus RHom(P 0 , O E (−2)) ∼ = RΓ(E, O E (−2)) ∼ = 0. By the duality, we have
* ∼ = 0.
There is an exact sequence 0 → P 2 → P 0 → O E → 0.
) by the Serre duality. Thus a ∈ D if and only if RHom(O E , a) = 0. Therefore
be the heart of a t-structure of D defined by the tilting generator P D . We will determine the set of all simple objects in Perv(D). We have
be the corresponding extension in Perv(Y /X), the category of perverse coherent sheaves defined by the tilting generator
is the set of all simple objects in Perv(D), and Hom(P
Proof. We first prove that s ′ j ∈ Perv(D) for j = 0, 1. We have
) is an isomorphism. Hence RHom(s 1 , s 2 ) ∼ = 0, and s 1 ∈ Perv(D).
We prove that Hom(P i , s ′ j ) ∼ = k δ ij for i, j = 0, 1. Then it follows that the s ′ j are simple. By Proposition 4.5, we have RHom(P 0 , s 2 ) ∼ = 0. Hence
We also have RHom(P 0 , s 1 ) ∼ = 0 and RHom(P 1 , s 1 ) ∼ = k.
(2) f * End(P ) and f * End(P D ) are not Cohen-Macaulay.
The second statement is more subtle. We consider the exact sequence (4.1) tensored with
Then we deduce that H 1 (E, Hom(P 1 , O E (−1))) = 0 and H 2 (E, Hom(P 1 , O E (−1))) = 0. Hence
while H p (E, Hom(P 1 ,P 1 (2m))) ∼ = 0 for p > 0 and m ≥ 0. Therefore we have
Therefore f * End(P D ) is not homologically homogeneous as already proved in [26] Example A.1.
Non-commutative deformations
We recall the theory of multi-pointed non-commutative deformations of simple collections developed in [22] .
Definition 5.1. The base ring is a direct product k r of the base field k for a positive integer r. We deform a set of objects {F i } r i=1 in a k-linear abelian category. It is said to be a simple collection if End(
The simple collections are defined in [22] as generalizations of simple sheaves. If r = 1 and F is a sheaf, then a simple collection is nothing but a simple sheaf. Simple sheaves behave well under deformations. For example, a stable sheaf is a simple sheaf. A set of simple objects in a k-linear abelian category is automatically a simple collection.
Example 5.2. ( [7] ) Let f : Y → X = Spec(R) be a projective birational morphism from a smooth 3-fold whose exceptional locus C is a smooth rational curve with normal bundle
} is the set of simple objects above the singular point x ∈ X in the category of perverse coherent sheaves −1 Perv(Y /X). For a point y ∈ Y above x, there is an exact sequence
. O y becomes a stable object under a suitable Bridgeland stability condition determined by the values of the central charge on the set {O C , O C (−1) [1] }, and Y is the corresponding moduli space. If we take a different Bridgeland stability condition, then we obtain the flop of Y . We refer to [25] for related topics. A (multi-pointed) non-commutative (NC) deformation of a simple collection F = r i=1 F i over a parameter algebra R ∈ (Art r ) is a pair (F R , φ) consisting of an object F R with a left R-module structure and an isomorphism φ : k r ⊗ R F R → F such that F R is flat over R.
Let (Ârt r ) be the category of pro-objectsR of (Art r );R is a k r -algebra with augmentation k r →R → k r such that R m =R/M m+1 ∈ (Art r ) for all m ≥ 0 and m>0 M m = 0, where M = Ker(p : R → k r ). We denoteR = lim ← − R m . A formal NC deformation of F overR is a pair ({F Rm } m≥0 , {φ m } m≥0 ) consisting of a series of NC deformations F Rm of F over R m =R/M m+1 with isomorphisms φ m+1 : R m ⊗ R m+1 F R m+1 → F Rm and φ 0 : F R 0 → F . Any NC deformation is considered to be a special case of a formal NC deformation whose parameter algebra is finite dimensional as a k-vector space.
A formal NC deformation ({F Rm }, {φ m }) of F is said to be versal if the following conditions are satisfied:
(1) For any NC deformation (F R , φ) of F , there are an integer m, a k r -algebra homomorphism g : R m → R and an isomorphism F R ∼ = R ⊗ Rm F Rm which is compatible with {φ m } and φ.
(2) For each n < N , there are i 1 = i 1 (n) and i 2 = i 2 (n) such that G n+1 i = G n i for i = i 1 and that there is a non-trivial extension
be an iterated non-trivial extensions of a simple collection F , and let R = End(G N ). Then G N is an NC deformation of F over R.
The point in the above theorem is that dim R = r + N as a k-vector space. A versal deformation can be constructed by iterated universal extensions:
Define a sequence of objects
by universal extensions
Then the F (n) can be obtained by iterated non-trivial extensions of F , and the inverse limit
We note that the above exact sequences correspond to distinguished triangles
Versal deformations
The reduced tilting generatorP is recovered as a versal non-commutative deformation of the simple objects in the category of perverse coherent sheaves Perv(X/Y ): Proof. Since X is the spectrum of a complete local ring, we haveP = lim ← −P /m nP for the maximal ideal m ⊂ R. SinceĀ/m nĀ is finite dimensional as a vector space over the base field, we deduce thatP /m nP is obtained by iterated (trivial or non-trivial) extensions of the s j in Perv(Y /X) by Theorem 2.2. By construction, we have dim Hom(P , s j ) = 1, Hom(P , s j [1]) = 0 for all j. We will prove our assertion using these two cohomological properties. Let
be a sequence of surjective morphisms in Perv(Y /X) corresponding to the iterated extensions towardP which passes through the quotientsP /m nP ; we have exact sequences
for each m, where j(m) depends on m.
The first property dim Hom(P , s j ) = 1 implies that all the extensions are non-trivial. Indeed if there is a trivial extension during the course, then there exists j and m such that dim Hom(F m , s j ) ≥ 2. SinceP → F m is surjective, we deduce that dim Hom(P , s j ) ≥ 2, a contradiction.
By the combination with the second property Hom(P , s j [1]) = 0, we deduce that the formal deformationP is versal. Indeed let G → F m for some m be any non-trivial extension by some s j corresponding to a non-trivial morphism F m → s j [1] ; we have
By an exact sequence
we infer that the morphismP → F m can be lifted to a morphismP → G, so thatP dominates this non-trivial extension. Since a versal deformation can be obtained by a sequence of iterated non-trivial extensions, we conclude thatP is a versal deformation.
In the case of Bridgeland and Van den Bergh, the non-commutative deformations in the null category C can be described by the following theorem:
and {s j } r j=0 be the sets of indecomposable projective objects and simple objects in −1 Perv(Y /X) as in §3 (A). Then the reduced tilting generator P = r i=0 P i is relatively generated by global sections, i.e., the natural homomorphism p : f * f * P → P is surjective. Let Q = Ker(p) be the kernel. Let I be the two-sided ideal of A = f * End(P ) generated by endomorphisms of P which can be factored in the form P → P 0 → P . Then the following hold:
( (2) The parameter algebra of the versal deformation Q ′ is given by the following formula
natural morphism from a versal deformation of a simple collection r j=0 s j to another non-commutative deformation. Let h * : End(P ) → End(Q [1] ) be the corresponding surjective homomorphism of the parameter rings.
Let I 1 = Ker(h * ). We have to prove that I 1 = I. If an endomorphism g : P → P factors through P 0 , then the composition h • g : P → Q [1] vanishes, since Hom(P 0 , Q[1]) = 0. Therefore h * (g) = 0, and I ⊂ I 1 .
Conversely, assume that g ∈ I 1 , i.e., h * (g) = 0. Then there is the following commutative diagram in the category (coh(Y )):
By the diagram chasing, we find a homomorphismg : P → f * f * P such that g is factored as g = p •g.
Let G 1 → G 0 → f * P → 0 be an exact sequence with locally free G i as in the first part of the proof, and let G ′ = Im(f * G 1 → f * G 0 ). We claim that the homomorphism g : P → f * f * P can be lifted tog 0 : P → f * G 0 . Indeed, since Hom(P, f * G 1 [1]) = 0, we obtain Hom(P, G ′ [1]) = 0, because the fiber dimension of f is 1 and that f * G 1 and G ′ are sheaves. Then the homomorphism Hom(P, f * G 0 ) → Hom(P, f * f * P ) is surjective. Therefore g is factored through a direct sum of P 0 , hence g ∈ I. Therefore I = I 1 , and the theorem is proved.
(B) We have exact sequences
in (coh(Y )) for some sheaves H 1 , H 2 . We have f * f * f * P ′ ∼ = f * P ′ by the projection formula. Hence f * f * f * P ′ ∼ = f * H 1 ∼ = f * P ′ . Since R 1 f * f * f * P ′ = 0 and the fiber dimension is 1, we deduce that R 1 f * H 1 = 0. Hence f * Q ′ = 0. Since R 1 f * P ′ = 0, we have R 1 f * Q ′ = 0. Therefore Rf * Q ′ = 0 and Q ′ ∈ 0 Perv(Y /X).
As in the proof of case (A), Q ′ can be expressed by a series of iterated extensions of the s ′ j for 1 ≤ j ≤ r, since Hom(P ′ 0 , Q ′ ) = 0. Now we prove that Q ′ is the versal deformation of the simple collection r j=1 s ′ j . It is sufficient to prove the following claim:
Since H 1 is a quotient of a direct sum of P ′ 0 , we have Hom(H 1 , s ′ j ) = 0 for 1 ≤ j ≤ r. Therefore we have our claim and the versality of Q ′ .
We prove the second assertion that End(Q ′ ) ∼ = A ′ /I ′ . Since R 1 f * H 1 = 0, we have also H 1 ∈ 0 Perv(Y /X) by (3.4) . Hence the first exact sequence of (6.3) is an exact sequence in 0 Perv(Y /X). In particular, we have a surjective homomorphism h ′ : P ′ → Q ′ in 0 Perv(Y /X), which is a homomorphism of non-commutative deformations. Let h ′ * : End(P ′ ) → End(Q ′ ) be the corresponding homomorphism of the parameter rings of the deformations.
Let I ′ 1 = Ker(h ′ * ). We have to prove that I ′ 1 = I ′ . If an endomorphism g : P ′ → P ′ factors through P ′ 0 , then the composition h ′ • g : P ′ → Q ′ vanishes, since Hom(P 0 , Q ′ ) = 0. Therefore h ′ * (g) = 0, and I ′ ⊂ I ′ 1 . Conversely, assume that g ∈ I ′
1 . Then there is the following commutative diagram in the category (coh(Y )):
By the diagram chasing, we find a homomorphism g 1 : P ′ → H 1 such that g is factored as g = p 1 • g 1 . Since f * f * f * P ′ ∼ = f * H 1 and R 1 f * f * f * P ′ = 0, we have Rf * H 2 = 0, hence H 2 ∈ 0 Perv(Y /X). Thus the second sequence in (6.3) is also exact in 0 Perv(Y /X). Since P ′ is a projective object, we have Hom(P ′ , H 2 [1]) = 0. Hence Hom(P ′ , f * f * P ′ ) → Hom(P ′ , H 1 ) is surjective, and g 1 is lifted tog : P ′ → f * f * P ′ .
Let G 1 → G 0 → f * P → 0 be an exact sequence with free sheaves G i as in part (A) of the proof, and let G ′ = Im(f * G 1 → f * G 0 ). Since R 1 f * f * G 1 = 0, we have R 1 f * G ′ = 0, and G ′ ∈ 0 Perv(Y /X). Then Hom(P ′ , G ′ [1]) = 0, and Hom(P ′ , f * G 0 ) → Hom(P ′ , f * f * P ′ ) is surjective, andg is lifted to a morphism through a direct sum of P ′ 0 . Thus I ′ 1 ⊂ I ′ , and this completes the proof. (2) We have A/I ∼ = A ′ /I ′ by (1) . On the other hand, we have an order-reversing bijection A → A ′ which sends an endomorphism g : P → P to its transpose t g : P * → P * . If g is factored as P → O Y → P , then t g is factored as P * → O Y → P * . Therefore the isomorphism A o → A ′ induces an isomorphism (A/I) o → A ′ /I ′ . Proof. We prove that the cosupport Supp(A ′ /I ′ ) of I ′ coincides with the discriminant locus D ⊂ X of f , the set of scheme theoretic points on X over which f is not an isomorphism. Then it follows that A ′ /I ′ is finite dimensional if and only if D consists of an isolated point. If x ∈ D, then f is an isomorphism near x. Then f * f * P ′ → P ′ is an isomorphism near x, and Q ′ = 0 near x. Therefore x ∈ Supp(A ′ /I ′ ).
Conversely, assume that x ∈ D. Since the fiber f −1 (x) is positive dimensional and P ′ has a negative degree along the fiber, it follows that P ′ is not generated by relative global sections. Then Q ′ = 0 near x, and x ∈ Supp(A ′ /I ′ ). 
